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Haldane Haldane $SU(2)$ 1 $+$ 1
$(F.D.M.$Haldane, $Phys. Lett. A 93(1983)$ ,Phys.
Rev. Lett. 50, (1983) $)$ 1
$H_{AF}= \sum_{j=-\infty}^{\infty}S^{(j)}\cdot S^{(j+1)}$
$S_{\alpha}^{(j)}(\alpha=x, y, z)$ $j$ $\alpha$
$S^{(j)}\cdot S^{(j+1)}=S_{x}^{(j)}S_{x}^{(j+1)}+S_{y}^{(j)}S_{y}^{(j+j)}+S_{z}^{(j)}S_{z}^{(j+1)}$
F.D.M.Haldane $H_{AF}$
$S= \frac{1}{2},$ $\frac{3}{2},$ $\frac{5}{2}$ ,
$S=1,2,3,4\cdots$
F.D.M.Haldane









1. Aﬄeck and Elliot Lieb
(I. Aﬄeck and Elliot Lieb Lett.Math.Phys.(1986))
$S= \frac{1}{2},$ $\frac{3}{2},$ $\frac{5}{2}\cdots$
(a)




AKLT I.Aﬄeck, T.Kennedy, E.Lieb
and H.Tasaki Commun.Math.Phys. (1987) 1 AKLT
$H= \sum_{j=-\infty}^{\infty}\{S^{(j)}\cdot S^{(j+1)}+\frac{1}{3}(S^{(j)}\cdot S^{(j+1)})^{2}\}$
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$H_{n}= \sum_{j=1}^{n}\{S^{(j)}\cdot S^{(j+1)}+\frac{1}{3}(S^{(j)}\cdot S^{(j+1)})^{2}\}$
$E_{\dot{n}}=ne_{0}$ Frustration






(D.Yarotsky Comm. Math. Phys. 261 (2006))
$H= \sum_{j=-\infty}^{\infty}\{S^{(j)}\cdot S^{(j+1)}+\beta(S^{(j)}\cdot S^{(j+1)})^{2}\}$
$| \frac{1}{3}-\beta|$
(iv) M.Fannes, B.Nachtergaele, R.Werner Matrix Product State
(M.Fannes, B.Nachtergaele,
R.Werner Comm. Math. Phys. 144 $(1992)$ . $)$ Matrix Product






$A^{(j)}$ : observable at $j$ $(j\in Z , A\in M_{n}(C))$ .
A (support)
$\mathfrak{A}_{\Lambda}=$ { $Q|$ support(Q) $\subset\Lambda$}
$\tau_{k}$ :shift on the lattice $Z,$ $\tau_{k}(A^{(j)})=A^{(j+k)}$ .
52
$\mathfrak{A}$
$\varphi$ $\varphi(\tau_{k}(Q))=\varphi(Q),$ $(Q\in \mathfrak{A})$ .
Matrix Product State
Matrix Product State $\varphi$
$\psi$ $\mathfrak{B}(\mathfrak{K})$ $\psi$ : $\mathfrak{B}$ ( ) $arrow C$
$E$
$E$ :Mn(C) $\otimes \mathfrak{B}$ ( ) $arrow \mathfrak{B}$ ( ) (1.1)
$\psi(E(1\otimes R))=\psi(R)$ , $R\in\ominus \mathfrak{B}$ ( ).
$\{$ $, E,\psi\}$ $1\otimes Q_{1}\otimes\cdots\otimes Q_{N}\otimes 1\cdots\in \mathfrak{A}$ ,
$\varphi(\cdots Q_{1}\otimes Q_{2}\otimes\cdots\otimes Q_{N}\cdots)=$




Matrix Product State $\varphi$ $\varphi$




(i) Frustration Free Ground State
(ii)





2 Matrix Product State




(i) $\mathfrak{A}:\backslash$ $s=1/2$ 1 $\varphi$
Matrix Product State $\varphi$ $SU(2)$
$s=1/2$ $U(1)$
$\varphi$
(ii) $\mathfrak{U}$ 1 $\varphi$
Matrix Product State $\varphi$ $SU(2)$












$\varphi$ ( $\Lambda$ $\Lambda^{c}$ ) Split $\varphi$ $\mathfrak{A}_{\Lambda}$ $\mathfrak{A}_{\Lambda^{c}}$
$\varphi\simeq\psi_{\Lambda}\otimes\psi_{\Lambda^{c}}$
$\psi_{\Lambda}$ $\mathfrak{A}_{\Lambda}$ $\psi_{\Lambda^{c}}$ $\mathfrak{A}_{\Lambda^{c}}$
$\Lambda=\Lambda_{R}=[1, \infty)\cap Z\Lambda^{c}=\Lambda_{L}=(-\infty, 0]\cap Z$
Split (i)
(ii) Matrix Product State
1 Split $\varphi$
Matrix Product State (1.2) $\varphi$ GNS
( ) $\mathfrak{B}$ ( ) $(=$
)’ $\psi$ $E$
$E:M_{n}(C)\otimes \mathfrak{B}($ $)arrow \mathfrak{B}(\mathfrak{K})$
$\psi(E(1\otimes R))=\psi(R)$ , $R\in \mathfrak{B}$ ( ).
(1.2) $E$
$E(e_{k\iota}\otimes R)=S_{k}^{*}RS_{l}$ ( $e_{kl}$ : matrix units),
$\sum_{k=1}^{n}S_{k}^{*}S_{k}=1,$ { $S_{l}^{*}$ , Sl}’/ $=\mathfrak{B}$ ( ).
$\{S_{l}^{*}, S_{l}\}"=\mathfrak{B}(\mathfrak{K})$
(1.2)
Split matrix product state
$(T.M. 2000 CMP)$ 1 $SU(2)$
Split


























( ) $s(\varphi_{[0,n)})=O(\ln n)$
(T. $M$.2011)
$\varphi$ 1 $\varphi$ Entangle-
ment Entropy Split $\{j>0\}$ $\{i\leq 0\}$











(F.Brandao and M.Horodecki, 2012)











1 $z$ CAR $\mathfrak{A}_{CAR}$
$\{c_{j}, c_{k}\}=0, \{c_{j}^{*}, c_{k}^{*}\}=0, \{c_{j}, c_{k}^{*}\}=\delta_{jk}1 j, k\in Z$
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$H= \sum h_{j}, \gamma_{\theta}(h_{j})=h_{j}(\forall\theta\in[0,2\pi]) , \tau_{k}(h_{j})=h_{j+k}$
CAR $\mathfrak{A}_{CAR}$ $U(1)$
$H$ $\psi$ $U(1)$ $\psi$
( )
$0<\psi(c_{j}^{*}c_{j})<1 \forall j\in Z$
(
)
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